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(3 ' The centralizer of an /-matrix in M2{R/I), R a UFD 

(N' 
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Q 

Abstract. The concept of an /-matrix in the full 2 x 2 matrix ring M2{iJ//), 
' where R is an arbitrary UFD and / is a nonzero ideal in R, is introduced. We 

obtain a concrete description of the centralizer of an /-matrix B in M2{R/I) 

■^^ ' as the sum of two subrings <Si and S2 of A/2 (/?//), where <Si is the image 

ClLl • (under the natural epimorphism from M2{R) to M2 (/?//)) of the centralizer 

f-H ^ in M2{R) of a pre-image of B, and where the entries in 52 are intersections of 

certain annihilators of elements arising from the entries of B. It turns out that 
if /? is a PID, then every matrix in A/2 (/?//) is an /-matrix. However, this 
is not the case if /? is a UFD in general. Moreover, for every factor ring R/I 
with zero divisors and every n > 3 there is a matrix for which the mentioned 
Ch ' concrete description is not valid. 

I> 

m 

CN ' 1. Introduction 

t^ 

^~^ • We denote the centralizer of an element s in an arbitrary ring S by Cen5'(s). Know- 

ing that Mn{R), the full n x n matrix ring over a commutative ring i?, is a prime 
example of a non-commutative ring, it is surprising that a concrete description of 
Cenj(f^^ (fl.) (B) for an arbitrary B G Mn{R) has not yet been found. If R[x\ is the 
polynomial ring in the variable x over R, then 



- 1 — I 

X 



(1) {I{B) I f{x) e R[x]} C CenM„(fl)(S). 

In fact, it is known that (see [2]) 

{f{B) I f{x) e R[x]} = CenM„(ii)(CenM„(fl)(B)). 
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2 MAGDALEEN S. MARAIS 

The most progress, finding a concrete description of Cenjvf„(fl)(^), has been made 
for the case when the underlying ring i? is a field (see [l], [3], [4], [5] and [7])- The 
following well-known result in this case provides a necessary and sufficient condition 
for equality in p]). 

Theorem 1.1. If B is an n x n matrix over a field F , then 

CenM,^iF){B)^{f{B) \ f{x) e F[x]} 

if and only if the minimum polynomial of B coincides with the characteristic poly- 
nomial of B . 

In this paper we consider the centralizer of a so-called /-matrix in Af 2 (/?//), 
with R/I a factor ring of a UFD R and / a nonzero ideal in R. 

In Section 2 we obtain an explicit description of the centralizer of a 2 x 2 matrix 
over a field or over a unique factorization domain. Section 2 also contains other 
preliminary results concerning the centralizer of an n x n matrix that will be used in 
the subsequent sections, including Proposition 12.61 which may be considered as the 
inspiration behind this paper. In this proposition we show that the centralizer of 
an n X n matrix B over a homomorphic image S of a commutative ring R contains 
the sum of two subrings Si and 52 of A/2 (5), where Si is the image of the centralizer 
in A/2 (/?) of a pre-image of /?, and where the entries in ^2 are intersections of certain 
annihilators of elements arising from the entries of B. 

In Section 3 we introduce the concepts of /-invertibility in a factor ring R/I 
of a UFD R (Definition [331) and of an /-matrix in A/2 (/?//) (Definition [3231) . We 
show in Corollaries 13.91 and 13.291 that if /? is a PID, then every element in R/I is /- 
invertible and every matrix in A/2 (/?//) is an /-matrix. Examples 13.221 and I3.30f b) 
show that this is not true for UFD's in general, not even if / is a principal ideal. 

Section 4 contains the main result of the paper, namely Theorem 14.11 which 
provides a concrete description of the centralizer of an /-matrix in A/2 {R/I) as the 
sum of the above mentioned two subrings, where J? is a UFD and / is a nonzero 
ideal in R. 

Since every 2x2 matrix over a factor ring of a PID is an /-matrix. Theorem 14. II 
applies to all 2 x 2 matrices over factor rings of PID's. In Example 14.41 we exhibit 
a UFD /?, which is not a PID, a finitely generated ideal / and a matrix in A/2(/?), 
which is not an /-matrix, for which Theorem 14. II does not hold. In Example 14 . 5 1 we 
show that if /? is a UFD and R/I is such that R/I is not an integral domain, then 
for every ri > 3 there is a matrix in Mn{R) for which we do not have equality in 
Proposition [261 
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2. Preliminary Results 

Since the minimuni polynomial and characteristic polynomial of any 2x2 non-scalar 
matrix over a field coincide, the following corollary follows from Theorem ll.il 

Corollary 2.1. If B is a 2 x 2 matrix over a field F, then 

^ r \ I M2{F)^ if B is a scalar matrix 

1 {f{B) I f{^) £ ^N}: if B is a non-scalar matrix. 
In this paper we denote the identity matrix by E. 

f 



e 
9 h 



Remark 2.2. Let B 

tary matrix multiplication shows that 

(2) A^ 



a b 
c d 



e M2{R), R a commutative ring. Elemen- 



e Cenj,/^(fl.)(B) 



if and only if 

(3) (a — d)f = b{e — h), hg = cf, c(e — h) — {a — d)g 

if and only if A' + vE and B commute if and only if A' + vE and B' + wE commute 
if and only if A' and B' commute, where 

a — d b 



(4) 



A' 







and 



B' = 



e-h f 
9 



Throughout the sequel, for R a UFD and for a nonempty set X C R, we mean by 
gcd(X) an arbitrary greatest common divisor of X in R. 

The following result is an extension of Corollarv l2.1l to UFD's. 

e f 
9 h 



Corollary 2.3. Let B = 



e M2{R), R a UFD. Then CeiiM2{R)iB) 



(i) M2{R), if e — h, f — and g — (i.e. B is a scalar matrix) 



(ii) < m ^w 



e-h f 
9 



vE 



v.w d R , 



if at least one 

of e — h, f, g is nonzero, 



where m ^ is the inverse of m :— gcd(e — h,f,g) in the quotient field of R. 

Proof, (ii) Suppose that at least one oi e — h, f and g is nonzero. Let A' 
and B' be as in Q. By the symmetry of the system of equations in ([3]) we may 
assume that e — h ^ 0. Then, using (l3|), e — h\{a — d)f and e — h\(a — d)g imply 
that e — h\m{a — d). Let w £ R such that m{a — d) = w{e — h). Then, again 
using ^, {a — d)f ~ b{e — h) and c(e — h) = (a — d)g imply that mb — wf 
and mc — wg. Thus mA' — wB' and the result follows from Remark l2.2l D 
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Example 2.4. Let R be the UFD Z of integers, and let B 
follows from Corollary 12.3^ 11) that 



8 3 
6 2 



It 



Cen 



M2 (z; 



iB) = 



2w + V w 
2w V 



v,w E Ij 



For the remaining results in this section, let : i? — > S* be a ring epimorphism 
and 9 : Mn{R) -^ M„(5) the induced epimorphism, i.e. 6([&y]) = [6{hij)]. We 
denote the annihilator of an element r in a commutative ring R by annfl'(r). For the 
sake of notation, we will sometimes denote 9{h) by h and Q{B) by B. Also, if there is 
no ambiguity, we simply write Cen(i?) instead of CenM2(_R)(S) and Cen(_B) instead 
of CenA,/2(S)(^) foi' B G M2{R), as well as ann(f) instead of ann5(f) for r E R. 
If r G i? and A C i?, then rA denotes the set {ra \ a E A]. 

Throughout this paper and in particular in Section 4 we use the notation 



B C 
V £ 



to denote the set 



b c 
d e 



beB,ceC,deV,ee£ 



where B, C, V and £ are subsets of a ring R. 
The following result is straightforward. 

Lemma 2.5. Let S be a subring of a ring T and let s Cz S . Then 

Cen5(s) = SnCenxis). 

The following result is the inspiration behind Section 4. 

Proposition 2.6. Let R be a commutative ring and let B = [bij] G Mn(R)- 
Then 

e(Ccn(B)) + [A,j] C Cen(B), 

where 

Aij = Pi a.nn{bjk) \ f] \ f] a.nn{bki) f] ann(bii -bjj). 
\k, k^j J \k, k^i J 

Proof. It follows easily that 

(5) e(Cen(S)) C Ccn(B). 
Now we show that 

(6) [A^J] C Cen(B). 

Let [dij] G [Aij]. It follows that position {r,t) of B[dij] — [dij]B is equal to 

brldlt + • ■ • + br^r-ldi — l,t + brr&rt + Or.r+lOr+l,* + ' ' • + bmdnt^ 
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(7) [cLrlblt + ar2b2t H h a.r,t~lbt-l.t + CLrtbtt + CLr.t+lbt+l.t H h arnbnt)- 

Since an G ann(6r;) for every ^ such that I ^ r, and a^q G ann(6qt) for every q such 
that q j^ t, according to the definition of [Aij], it fohows that ([7]) is equal to 

(8) brrO-rt ~ 0-rtbtt = 0.rt\brr ^ btt) ■ 

Since drt £ ann(6rr — btt), according to the definition of [Aij], it foUows that ([8]) is 
equal to 0. Thus position {r,t) of [aij]B — B[aij] is 0. This proves ([6]). D 

3. /-invertibility in R/I and /-matrices in M2{R/I)i R a UFD 

From here onwards, unless stated otherwise, we assume that i? is a UFD, / is a 
nonzero ideal in R and k := gcd(/) ^ 0. Let 9j : R ^- R/I and 6/ : M2{R) -^ 
M2{R/I) be the natural epimorphism and induced epimorphism respectively. We 
denote the image 9i{b) oi b G R hy bj and the image &i{B) oi B € M2{R) by Bj. 
However, if there is no ambiguity, then we simply write 9, 0, b and B respectively. 
The following results are trivial. 

Lemma 3.1. Let R be a UFD. Then an element b = 9{b) G R/I is a zero 
divisor if gcd(6, fc) ^ 1. 

Lemma 3.2. Let R be a PID. Then an element b £ R/ {k) , k G R, is invertible 
if and only if gcd(6, fc) = 1. 

Definition 3.3. An I -pre-image of an element b £ R/I is a pre-image ofb in R 
of the form rS, where gcd(r, fc) = 1 and (5 = or S\k). 7/6 = we define S := 0. 
We call r and S the relative prime part and divisor part of r5 respectively. We 
call b I -invertible iff is invertible in R/I for at least one I -pre-image rS ofb. 



Remark 3.4. It follows from Definition 13.31 that if an element 7^ 6 G R/I 
is /-invertible, then there exists a c £ R/I such that cb has a pre-image (5 £ /? 
which is a divisor of fc. 

The converse of the above remark is not in general true. Here follows a counter 
example. 

Example 3.5. Let R = Z[a;], let / = (Sx^) and let 6/ = 3x'^, then 6/ is not 
/-invertible, but 

2/6/ = 9i{6x^ - 5x^) =?/. 

We define the ideal S^^I := {d^^a\a £ /} C /?. The following result can be 
easily proved. 

Lemma 3.6. Let S be the divisor part of an I -pre-image 0/ 7^ 6/ £ R/I . 
There exists a cj Cz R/I such that cibi = Sj if and only if bS~^s~^i '■s invertible in 
R/6^^I, with inverse cs-ij. 
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Lemma 3.7. An element bi G R/I is I -invertible if and only if there exists 
an invertible element c G R/I such that cibi = dj, where d is a divisor part of 
an I-pre-image ofbj. 



Proof. If bj is /-invertible then it follows directly from Definition 13.31 that 
there exists an invertible element c/ such that c/6/ = (5/. Conversely, suppose there 
exists an invertible element c/ £ R/I such that c/6/ = (5/. Since c/ is invertible we 
have that bj = cj Sj. Let c' G i? be a pre-image of cj . Since cj is not a zero 
divisor it follows from Lemma [3.11 that gcd(c', k) — 1. Since c'6 is an /-pre-image 
of bi we have the desired result. D 

The proof of the next result is constructive. 

Lemma 3.8. Every element in R/I has an I-pre-image. 

Proof. Let b G R/I. If A; is a unit, then the result follows trivially. Thus sup- 
pose fc is a nonzero nonunit. Since /? is a UFD there exist different primes pi, . . . ,ps 
such that k — p™^ ■ • • p™= , where mi, ... , m^ > 1 . Since 1 • is an /-pre-image of 0, 
suppose b is nonzero. Let 6 be a pre-image of b in R. Again, because i? is a UFD, b 
can be expressed as ropl^ ■ ■ ■ p^= , where pi f tq, for i = 1, . . . , s, and qi, . . . ,qs > 0. 
Therefore gcd(ro, k) = 1, and 

b = roPl ■■■ps ■ 

Suppose we can show that each p'* has a pre-image r^ -p-^ , where gcd(rj, k) = 1 
and ti < mi. Then we have that 

b = fo(rip*i) • • • (r^p*/) = fori ■ • ■ r^ipl' • ■ -p^) = 0(rp[^ ■ ■ -pi'), 

where r = rgri ■ ■ ■ rg. Since gcd{ri,k) = 1 for i = 0,1,..., s, it follows that 
gcd(r, fc) = 1. Also, since ti < rui for i = 1,2 . . . , s, we have that 

S -^Pl ■■■PslPl ---Ps % 

implying that r ■ 5 is am /-pre-image of b with relative prime part r and divisor 
part 5. 

Let us now prove that each pf' has a pre-image r^ • p,-*, where gcd(ri, fc) = 1 
and ti <mi. 

If Qi < mi then p^' = 1 -p'', where ti = qi < mi and gcd(ri, fc) = 1, with r^ — 1. 
Thus we have the desired result. 

Next we consider the case when nii < qi. Because p™'"*" t ^^^ it follows that 
there exist an a = a'fc G / such that Pi'f a' . Now since 

Pf = Pf +a'k 
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and 

Qi , 1 1 Qi I ' ni-i 7n« m,- / qi~mi . f m-i "li-l ^^i+l m«\ 

pf + a fc = pf + a pi 1 • • -p, » = p. *(pf * + a pi 1 • • •p,^_i p.^+ • • -p, 0, 
it follows that p™' ■ ri — ri ■ p™' is a pre-image of p|' , where 

qi—rrii . / mi Tii-l Tii + i m, 

ri=p? +api '■••p,„i p,+{ ■■■Ps'- 

Since 

P.bf ""'(9. > ^.) and p. t «K^ ■ ■■pT-i'pZV ---pT. 

we have that pi \ Ti. Furthermore, for all I G {1, . . . , i — 1, i + 1, . . . , s} it follows 
that 

I, qi—nii 1 I / mi mi-l '"i+l m, 

implying that pi \ ri. Thus r^ and k are relatively prime and ti — rm < rrii. D 

We will now focus on the /-invertibility of elements in R/I. 

The next result follows directly from Lemma [3T2l Definition l3.3l and Lemma [3?8l 

Corollary 3.9. If R is a PID, then every element in R/I is I-invertible. 

The next example illustrates the constructive proof of Lemma 13.81 

Example 3.10. Let i? = Z and let / = (12). Since 12 = 2^ . 3 using the 
procedure in the proof of Lemma |3.8[ it follows that 

(a) 9/ = 61/(20 . 32) = 51^(1 . (32 + 12)) = 6i/(3(7)) = {f^)i, where gcd(7, 12) 
— 1 and 3|12. Since 7/ is invcrtible in Z12 it follows that 9/ is /-invertible, 
as expected from Corollarv l3.9l 

Now, let R = Z[x] and let / be a nonzero, not necessarily finite, ideal, with 2^a:"' G / 
and k :— gcd(/) — 2^x^. 

(b) 24^7 + 8^1 + 4^7 = 6l/(24a;5 + 8x^ + ix^) = 9i{{6x^ + 2x'^ + 1)22x2), 
where gcd(6a;^ + 2x2 + 1,2^x3) = 1 and 22a:;2|23x3. Since 6x3/ + 2x2/ + i7 = 
6'/((3x + l)2x2 + l) is invertible in R/I by LemmalS^lOl 24^/ + &?/+4?7 
is /-invertible. 

We already know from Example 13.51 that Corollary 13.91 does not hold for R a 
UFD in general, not even for the case when / is a principal ideal. 

Lemma 13.121 Proposition 13.151 Remark 13.161 and Lemma 13.201 will help us to 
determine when an element in R/I is not /-invertible in case /? is a UFD which 
is not a PID. In order to conclude that an element b G R/I is not /-invertible 
(using Definition 13.31) , we have to show, for every /-pre-image rS of b, that f is not 
invertible in R/I. However, if b is principal (Definition 13. 141) . then we will show in 
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Proposition 13.151 that it suffices to show that f is not invertible in R/I for at least 
one /-pre-image r5 of h. 

We first give a characterization of and estabhsh a relationship between the 
divisor parts of the /-pre-images of an element in R/I. 

Lemma 3.11. Let R he a UFD and let (] ^ h E R/I . Then 5 is a divisor 
part of an I -pre-image of b if and only if gcd(6, k) — S, i.e. the divisor parts of 
the I -pre-images of b are associates. 

Proof. Let rS be an /-pre-image of b. Then b = rS + sk for some s G i?. Now, 
since gcd(r, k) — 1, it follows that gcd(5, k) — gcd{rS -\- sk, k) — gcd{S, k) — S. 

For the converse, note that since all the greatest common divisors of b and k are 
associates and every element in R/I has at least one /-pre-image, by Lemma [3?8l 
the result will follow if we can show that for an arbitrary unit t, tS is also a divisor 
part of some /-pre-image of b. Since rt^^tS = rS = b, gcd{rt^^ ,k) = 1 and tS\k, 
the result follows. D 

The following result follows trivially from Lemma 13.111 

Lemma 3.12. Let ^ 6 e R/I. If gcd{b,k) ~ 1, then b is I -invertible if and 
only if b is invertible in R/I. 

Remark 3.13. Note that if A: is a unit, it follows from Lemma 13.121 that 
every ^ 5 G R/I is /-invertible if and only if b is invertible in R/I. 

Definition 3.14. Let R be a UFD, let k = p™^ ■ • ■p™^ G R be a nonunit, with 
Pi, . . . ,Ps different primes and mi, . . . , rUs > 1, and let b G R/I . If S := gcd(b, k) — 
Pi ' ' ' Vt t "where < qi < m^ for i — 1, . . . , s, then we call b a principal element of 
R/I. If S~^k is principal, i.e. 6 = p\^ ■ ■ ■ pi" , where qi> 1 for i = 1, . . . ,s, we call 
b q-principal. 

Proposition 3.15. Let R be a UFD, k be a nonunit and let Q ^ b E R/I be 

principal, then either f is invertible in R/I for every I -pre-image r5 of b or no 
such f is invertible in R/I . 



Proof. Since, according to Lemma [3.81 there exists a pre-image rb of b in R, 
with gcd(r, /c) = 1, all the pre-images, and in particular all the /-pre-images, of rb 
are of the form 

(9) r8 + cpTpT---vl'. 

where cp™^^™^ ' ' 'V^" € ^- Because, according to Lemma [3.111 the divisor parts 
of all the /-pre-images of b are of the form ub, where u is a unit in R, it follows 
from Q that the relative prime parts of all the /-pre-images of b are of the form 

(10) u r + cu Pi ■■■Ps , 



THE CENTRALIZER OF AN /-MATRIX IN M^iB./I), R. A UFD 9 

where cp^^p^'^ ■ ■ -p™-' G / and u G i? is a unit. 

Now, suppose f is invcrtible in R/ 1 with inverse y. In other words 

where dp^^p^'^ ■ ■ -p"^' G /. If we can show that the image under 9 of the relative 
prime part of an arbitrary /-pre-image of h is invertible, then we are finished. 

Let u^^r + cu^^p™^ "^^P™^"'^ ' ' ■pT"''^" be the relative prime part of an arbi- 
trary /-pre-image of b. Furthermore, let ? G N such that 

m,. 



(11) 2' > max 

For the sake of notation, let 



*G{l,...,s}^>0 



V = dpf^ ■ ■ -pi" -f cy and w — p™^ "^^p™^ ''^ ■ ■ ■ p 



Then 



(u-v + cu-vr"''pr"'' • • ■p7'~''')yu{\ - vw){i + {vwf ) 

(1 + {vw)^'){l + {vw)^'){l + (ww)2') • ■ • (1 + (vwf'') 
= (1 + dpT'p^^ ■ ■ -p^' + cypT'-'^'pl^^-'^^ ■ ■ ■p7'-'''){1 " vw) 

(1 + {vwf'){l + {vwf^)- • • (1 + {vwf'^) 

= (1 + 'yw)(l - vw){l + {vwf^) • • • (1 + (ww)^'"') 

= l-{vwf\ 

Let 1 < i < s. Since nrii > qi, it follows from ([TT]) that 

2 (mi - q,) > (mj - qt) = rrii, 

nii - qi 

and so 

2^ m-i 7712 777 = 

for some a e R. Since dp™^ • • •p™'^ G / and cp™^ • • -p™" G / imply that vw'^ G /, 
it follows that (ww)^ G /. Therefore 

((u-V + cu-Vr-«>^^-«^ • ■ •p™-'-«")yu(l - vw) 

(1 + (i'«7)^')(l + (vw)^')- • • (1 + (vw)^'"')) 

= e(i-{vwf) 
= i. 

Hence, we conclude that 

e (yu{l - vw){l + {vwf'){l + {vwf^) ■■■{! + {vw)^'~')] 

is the inverse of the image under 9 of the relative prime part of the arbitrary 
chosen J-pre-image of b. D 
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Remark 3.16. Note that if / = (p"), for a prime p £ R and n > 0, then 
every 7^ 6 G R/I is principal. Thus Proposition 13.151 is apphcable to all nonzero 
elements in R/I. Furthermore, it is helpful to notice that every pre-image of ^ 5 
is an /-pre-image. 

Next we show that Proposition 13.151 does not hold in general if qi = rrii for 
some i. 

Example 3.17. Let R — Z[x], let k — 2x (with 2 and x primes in Z[a;]) and 

let / — (2a;). Consider 7^ i: G 'E[x]/{2x). Then 1 • x and 3 • x are (2a;)-pre-images 
of a; with relative prime parts 1 and 3 respectively, and 1 is invertible in 'Ii[x]/{2x), 
but 3 is not. 

Lemma 3.18. Let k be a nonunit and let Oj ^ bj Cz R/I be principal with S the 
divisor part of an I -pre-image ofb. Then there exists a cj E R/I such that cibj = Si 
if and only if bi is I -invertible. 

Proof. Let rS be an /-pre-image of bj and suppose that there exists a c/ G R/I 
such that cjbj = 61. Then it follows from Lemma l3.6l that cr = cb5^^ — 1 -\-^S^^k, 
for some ^ (z R such that 7/c G /. Suppose k = p'^ • • -pi" , for pi,. . . ,pg prime 
and qi, . . . ,qs > 1. Since bj is principal, it follows that kS^^ is of the form w = 
p'"^ . . .p^% where vi, . . . ,Vs > 1. Now let ^ G N such that 2' > maxjqi, . . . ,qs}. 
Then 

(1 + jS-^k){l - jS-^k){l + (jS-^kf) ■■■{! + {j5-^kf~') = 1 - {jS'^kf 

which implies that 

cr(l - j6-^k){l + {-i5-^kf') ■ • ■ (1 + (7(5-i/fc)2'"') = 1 - {^iS-^kf, 

where fc|((5~^fc)^ . Since 7/0 G /, it follows that {^fS^^k)^ G /. Hence f/ is invertible 
in R/I and we can conclude that 6/ is /-invertible in /?//. The converse follows 
from Remark 13.41 D 



Remark 3.19. Let /c be a nonunit and let 0/ ^ 6/ G R/I be principal. Using, 
Lemma 13.71 and Lemma 13.181 it is only necessary to consider invertible elements 
in R/I to determine whether there exists a c/ in R/I such that 6/c/ — Sj, where 6 
is a divisor part of an /-pre-image of bj . 

The following result will help us to determine whether an image of a relative 
prime part of an /-pre-image of an element is invertible in R/I and can be proved 
by a similar method than the method in the proof of Lemma 13.181 

Lemma 3.20. Let k Cz R be a nonzero nonunit. //fe G R/I has a pre-image of 
the form 6' + 1, where b' is q-principal and b'k G /, then b is invertible in R/I (see 
Example[3J0\(b)). 
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Remark 3.21. The converse of Lemma [3. 201 is not in general true. For exam- 
ple 3 = (2 + 1) is invertible in Z5, although 5 \ 2. 

Example 3.22. Let R — F[x,y] and let / := (y^). Since a;^/ is not invert- 
ible in F[x,y]/{y^), we conclude from Remark 13.161 that x^i is not /-invertible. 
Because gcd{x^,y^) = 1 we could also concluded from Lemma [3.121 that x^i is 
not /-invertible. 



Definition 3.23. We call a matrix 



G M2 (/?//) an I -matrix 



ei fi 
91 hi 
if (e/ - hi,fi) = (ii) or (e/ - /i/,.g/) = (£/) or (fi.gi) = {h), where t\k. 



The following result is easy to prove. 

Lemma 3.24. Let ai,bj G R/I. If {ai,bj) — {tj), where t\k, then t — 
gcd{a,b,k). 

The following results can be used to determine whether a matrix is an /-matrix. 

Lemma 3.25. A matrix is an I-matrix if it satisfies the following conditions: 

(i) For at least one of the three elements ej — hj, fj and gj, say aj, there 
exists a cj Cz R/I such that cjaj = Sj, where rb is an I-pre-image of aj 
that has divisor part 6; pick such an element, and call the remaining two 
elements ai and bj, say. 

(ii) For at least one of the elements a^^^ and 6(5), say Pi^s), there exists a 
dt^S) G R/{S) such that d(^s}P{S) = t{5), where t\6. 

Remark 3.26. Note that if Lemma I3.25f il is satisfied, with S a unit, then 
Lemma r3.25r ii) is always satisfied. 

The following result is in some cases helpful to determine when a matrix is not 
an /-matrix. 

Lemma 3.27. Let ai,bi G R/I and suppose that there exists a cj such that 
ciai — 5i, with 5 a divisor part of an I-pre-image of aj. Then {ai,bi) = (t/), 
where t\k, if and only if there exists a d(^s^ such that d(^s)t'{5) — t(5)- 

Proof. Suppose there exists a c/ G R/I such that cjai — Sj, with 5 a divisor 
part of an /-pre- image of aj . 

Using Lcmma [3.24l suppose that (a/, 6/) = {Si,bi) = (t/), where t — gcd{S, b, k) — 
gcd((5, 6). Then, since t\5\k, a5 + (ib = t + I, for some a,f3 G R, implies that 
aS + pb = t + jS, for some 7 G /?, and so /36 = t + (7 — a)6. The converse follows 
trivially. D 
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Lemma 3.28. Ife — h, f or g is invertible in R/I then 
is an I-matrix. 



e / 
9 h 



G M2{R/I) 



Proof. Suppose c/ e {ij — hj, //, gj} is invertible in R/I. Then it follows from 
Lemma lS. 121 that cj is /-invertible with an /-pre- image c- 1 that has divisor part 1, 
and so the result follows from Remark 13.41 Lemma 13.251 and Remark 13.261 D 



The following result follows directly from Corollary 13. 9[ Remark 13.41 and 
Lemma 13.251 

Corollary 3.29. If R is a PID, then every matrix in il/2 (/?//) is an I-matrix. 

We show that CoroUarv 13 . 291 does not hold for UFD's in general. 

Example 3.30. Let R = Z[a;] and let / be a nonzero ideal in /?, with 2'*a;'* G / 
and k — 2^x^ . We exhibit (a) a matrix which is an /-matrix and (b) a matrix which 
is not an /-matrix, 
(a) Let 

7x2/ 24x^1 

Uxi 



Br = 



8x^1 
Or 



4x2/ 



e M2 (/?//). 



We have already seen in Example 13. lOf b) that 2Ax^i + 8a;^/ -I- Ax^j is /-invertible 

-lx'^/s\, it follows that Tx'^/gx is {S)- 



B, 



e KhiR/I). 



with divisor part 5 = 2^x^. Since Ix'^i^s) - 

invertible and therefore, using Remark 13.41 and Lemma 13.251 Bj is an /-matrix. 

(b) Let 

3/ 24^/ -I- 8x4/ _,_ J^^ 

14^/ 6/ 

We first consider the ideals (3/, 24x5/-t-8x4/-f 4x2/) ^nd (i4x/, 24x5/ -f 8x4/ -1-4x2/). 
We have already seen in Example 13. lOf b) that 24x5/ _|_ %x'^i + 4x2/ is /-invertible 
with divisor part 5 — 2^x^. Since 3^^^ and 14x^5^ — l(^s-^2x(^s) are both principal, 
it follows from Proposition 13.151 that 3^^^ and 14x^5^ are both not ((5)-invcrtible. 
Therefore it follows from Lemma 13.181 Lemma 13.271 and Lemma 13.241 that Bi is 
an /-matrix if and only if (3/,14x/) ~ R/I. Since this is not the case Bj is a 
non- /-matrix. 



4. The centralizer of an /-matrix 

The purpose of this section is to obtain a concrete description of the centralizer 
of an /-matrix in M2 (/?//), R a UFD and a nonzero ideal / in R, with k := gcd(/), 
by showing that the converse containments 3 hold in Proposition 12.61 We also 
provide an example of a UFD, which is not a PID, and a non- /-matrix in M2 (/?//) 
for which the mentioned converse containment does not hold. We conclude with 
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an example where we show that if i? is a UFD and R/I is such that R/I is not an 
integral domain, then for every n > 3 there is a matrix in Af„(i?) for which we do 
not have equality in Proposition 12.61 Note that wc still assume that 0/ : i? — > R/I 
and 0/ : M2{R) -^ M2{R/ 1) are the natural and induced epimorphism respectively. 

Theorem 4.1. Let R be a UFD, I a nonzero ideal in R, and let Bj = 

ei fi 



e M2{R/I) he an I -matrix, then 



gi hi 

(12) Cen(S) = e(Cen(S)) 

(13) = e(Cen(S)) 



(14) 



e(Cen(S)) 




ann(/) n ann(e — h) 

ann(/) n ann(g) 
ann(/) n ann(e — K) 

ann(/) n ann(g) 
ann(/) n ann(e — K) 



ann(g) n ann(e — h) 
ann(/) n ann(^) 

ann(g) n ann(e — h) 
6 

ann(g) n ann(e — h) 
ann(/) n ann(g) 



Proof. By the symmetry in ^ it is sufficient to consider the case where 

a, b 



{f,g) = (t), t ^ gcd{f,g,k) by Lemma [3.241 Suppose A = 



G AMR/ 1) 



such that AB = BA, i.e. A G AhiR) such that AB = BA + I. Since c(e - h) = 
(a — d)g + I and t\g, k it follows that t\c(e — h). Let m — gcd(e — h, /, g, k), then 
gcd(e — h,t) = TO, which implies that t\cm. Similarly (a — d)f = b{e — h) + I 
yields t\bm. Since {f,g) = (t), there exists an a, $ E R/I such that i = af + jig, 
i.e. t = a/ + (3g + 1. Let w E R such that w = ab + /3c, then t\wm. Let v E R such 
that vt = WTO. It follows from ^, using the notation of Remark |2.2[ that 



/A' = bB' + 1 gA' = cB' + 1 and so wB' = tA' + /. 



Write B' as mB", then t;tB" = wmB" = wS' = tA' + /. Let X = 
the image of A' - vB" in A^R/I) and L = vB" , then L e Ccn(i3), by Lemma 

fX = 6 and ^ = L + £. 



be 
231 



Here K commutes with B' , and hence with B, and therefore {e' — h')f ~ /'(e — h), 
f'g ^ g'f and g'{e - h) ^ (e' - /I').?- But (e' - /J')/ = 0, since (e' - /?')* ^ 6 and 
t|/. Similarly (e' - /i').g == 6, f'g = 6, /'(e - /i) = 6, g'f = and ^'(e - h) = 6. 
Hence 

ann(/) n ann(5) ann(g) n ann(e — h) 
ann(/) n ann(e — h) ann(/) n ann(g) 

Since A = A' + dE, we have the containment C in p^ . The converse follows from 
Proposition l2.6l D 



ii:c 
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Example 4.2. Consider Bi = 



e AMR/ 1) in 



7x^1 24x5/ + 8x4/ ^_ 4^,2^ 

145/ 6/ 

Example [330i;a), with / = (5 • 2^x^,2'^x'^). We use Theorem HH ^, to obtain 
Cen(_B). According to Corollarv l2.3r ii) 



(15) Ccn(B) = 

Furthermore, 



hi + 7xh2 (24x4 _|_ g^3 ^ 4^)^2 
14/i2 hi 



ft-l, /l2 G '^[x] 



ann(7x) n ann(14x) == (5-23x2,24x3), 
ann(T4i) n ann(24^ + &?4 + Je2) = {5^2^'^, 2^^) 
and ann(7x) n ann(24^ + &? + Je2) = (5'^^3^^ 2'4r3) 



hi,h2 e Z[x] 



and so it follows from (|T5|) and Theorem 14. 1[ (|T2|) . that 
Cen(i3) = e ( • 



hi + 7xh2 (24x4 + 8x3 +4x)/i2 

14/l2 /ii 



6 (5-23x2,24x3) 

(5'^^^2'4^3) (5':^2^23^3) 



Remark 4.3. Note that in the above example 

e(Cen(S)) 2 



ann(/) n ann(g) ann(^) n ann(e — h) 
ann(/) D ann(e — h) ann(/) fl ann(g) 



and that 



ann(/) n ann(5) ann(g) n ann(e — h) 
ann(/) n ann(e — h) ann(/) n ann(g) 



2 e(Cen(B)). 



According to Corollarv l3.29[ Theorem|4T]applies to all 2 x 2 matrices over factor 
rings R/I, where i? is a PID. In other words, we have equality in Proposition 12.61 
for all 2 X 2 matrices over factor rings of PID's. This is not the case for all 2 x 2 
matrices over factor rings R/I, where i? is a UFD, as the following example shows. 



Example 4.4. Consider B 
larylOJii) 



x + y y 

X X 



(16) 



Cen(B) 



hi yh2 

xh2 hi - yh2 



G M2iF[x,y]/{x^)). By Corol- 



hi,h2 e F[x,y] 
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" 6 
6 6 
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ann(j/) n ann(i) ann(a;) fl ann(y) 
ann(y) n ann(?;) 



because ann(y) = 0. Therefore the righthand side of (TTSl) is equal to 



hi yh2 

xh2 hi - yft.2 



which does not contain the matrix 
that 



X X 





However, direct verification shows 



X X 

6 6 



G Cen(B). 



In the following example we will see that for every n > 3 and for any UFD R 
and ideal / such that R/I is a ring with zero divisors, there is a matrix B £ Mn{R) 
for which we do not have equality in Proposition [221 



Example 4.5. Let i? be a UFD and let / be an ideal in R such that R/I 
has zero divisors. Thus suppose that dd! G R/I, d,d' y^ and dd' = 0. Now 

' d l' 
let B = 1 e MsiR). Note that d ^ since J ^ 0. Because the 

.000. 
characteristic polynomial of B is equal to the minimum polynomial of B it follows 

from Theorem II. II and Lemma [^751 that Cenj\/3(fl)(i?) — 

a, b, c are elements 
of the quotient ^ n Afg (i?) , 
field of R. 

and so every matrix in 0(Cen(i?)) has in position (2, 1). Furthermore, using the 
notation in Proposition 12.61 we have 



d 




d 1 




1 





+ b 


1 


+ c 


1 












1 



[•^ijl ~ 



6 R/I 
6 ann(J) 




Hence, every matrix in 9(Cen(i3)) + [Aij] has in position (2, 1). However, direct 
multiplication shows that 



d' 
d' 6 6 
6 6 d' 



e Cen{B), 
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and so equality in Proposition 12.61 does not hold in this case. Now, again let R be 
a UFD and let / be an ideal in R such that R/I has zero divisors. Let us consider 
the matrix 



B' = 



" d 1 




1 













0. 



e M„(i?). 



Then 



Cen(B') C 



Since 



" Cen(B) 


R/I ' 


R/I 


R/I 



and 



[A,] c 



"66 R/I 




ann((i) 


R/I 







R/I 


R/I 



A:^ 



" d' 6 6 




d' 6 6 





d' 




[ 


0. 



e Cen(B'), 



but clearly A ^ Q{Cen{B')) + [Aij], equality in Proposition 12.61 for these cases, 
does not hold. 
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